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Effects of Structural Damping and Stiffness on Impact
Response of Layered Structure

S. W. Gong¤ and K. Y. Lam†

Institute of High Performance Computing, 118261 Singapore, Republic of Singapore

The transient response of layered structures subjected to low-velocity impact is dealt with. A spring–mass
model is improved by implementing the structural damping to determine the contact force between the target and
striker during impact. Based on this model, an analytic function describing the contact force is derived in terms
of the material properties, structural mass, impact mass, and velocity, as well as the structural damping. A � nite
element approach (FEA) is proposed for the prediction of transient response of layered structures subjected to
low-velocity impact. In the FEA, the present impact force function is linked into a commercial code in which the
effects of effective structural damping and stiffness are incorporated. The present impact force function is veri� ed
by the experiment, and the FEA is veri� ed by comparing the present results with previously published results.
In addition, effects of structural damping and stiffness on transient response of layered structure subjected to
low-velocity impact are examined in detail.

I. Introduction

IMPACT on composite structures has been a subject of con-
siderable interest and concern in recent years. Sun and

Chattopadhyay1 and Dobyns2 used the plate equations developed
by Whitney and Pagano3 to analyze a simply supported, special or-
thotropicplate subjected to central impact. Ramkumar and Thakar,4

using Donnell’s equations for thin shells, presented an analysis of
the response of curved laminated plates under low-velocity impact.
They assumed that the impact force varies linearly with time and
adopted the Dobyns2 solution procedure.

Christoforou and Swanson5 formulated an analytic solution to
the problem of simply supported,orthotropiccylindricalshells sub-
jected to impact loading. In their analysis, the deceleration of the
impactingmasswas used to estimatethe impact force.Gong et al.6 ¡ 8

and Shim et al.9 adoptedChristoforouand Swanson’s5 approachand
undertookananalysisof laminated,opencylindricalshellssubjected
to impact. In Refs. 6–9, contact deformationwas considered,and an
analytic function describing it was proposed and incorporated into
the analysis. The solution facilitates study of transient response of
compositeshells impactedbya solid strikerat any arbitrarylocation.

Lu and Lam10 presented a numerical method for fully clamped
laminated composite plates subjected to low-velocity impact of a
mass. Hertzian contact law was also used to describe the contact
forcewhereas the Runge–Kutta–Nytron techniquewas used to solve
the governingequation. Recently, Gong et al.11 presented solutions
for the problems of functionally graded material cylindrical shells
subjected to low-velocity impact.

As noted,much effort has been made to analyze compositeplates
and shells subjected to low-velocity impact.However, noneof those
studies considered the effects of structuraldamping on the transient
response,and thus an analysisprocedure that includes the structural
damping has not yet been dealt with. Because structural damping
can be used to attenuate transient response of the target to impact, a
comprehensive study of structural damping effects is necessary for
the optimal designof layeredstructures.The presentwork addresses
this, and presents a � nite element approach (FEA) for the problem
involving effective structural damping and stiffness.

In this study, the analytic function proposed by Gong et al.,6 de-
scribing the contact force is improved upon in terms of the material
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properties, structural mass, impact mass, and velocity, as well as
the structural damping. The present impact force function is linked
into a commercial code in which the effects of effective structural
damping and stiffness are incorporated. Information on the effects
of effective damping and stiffness on the impact response is use-
ful in designing layered structures to enhance their resistance to
impact.

II. Analysis Procedure
Consider a two-layered composite panel as shown in Fig. 1. It

is impacted at an arbitrary location by a solid striker at a velocity
V . The two-layer composite panel consists of a basic elastic layer
and a damping layer. The basic elastic layer has a thickness of h1,
Young’s modulus E1 , and loss factor g 1 , and the damping layer has
a thicknessof h2 , Young’s modulus E2, and loss factor g 2. The panel
has a common length of L and width of W for both the basic elastic
and the damping layers.

In this study, a simple spring–mass–damping (S–M–D) model is
proposed. It is essentially a modi� cation of the spring–mass (S–M)
model (Fig. 2a), implementing the effective structuraldamping,and
is shown in Fig. 2b.

In reality, the impact force is a result of contact deformation
between the striker and the target structure and should, thus, be
evaluated on this basis. Let w(t ) and w2(t) represent, respectively,
the normal displacement of the load point on the panel and that of
the striker at any time t during impact. Ce and g st are the effective
damping coef� cient and the effective structural loss factor of the
two-layered composite panel, respectively,and they are related by

Ce = g stK1 / x 11 (1)

where K1 is the equivalent stiffness of the panel and x 11 is the fun-
damental frequency of the layered panel. The equations of motion
of the two-degree-of-freedomS–M system are, therefore,

m1ew + Ce Çw + (K1 + K2)w ¡ K2w2 = 0 (2a)

m2w2 ¡ K2w + K2w2 = 0 (2b)

in which K2 is the effective contact stiffness, which can be deter-
mined by an impact test or estimated by6

K2 =
p

p C
p + 1

2

2 C ( p / 2 + 1) +
p

p C [( p + 1) /2]
4 C 2( p / 2 + 1) + p C 2[( p + 1) / 2]

d p ¡ 1
m K c

(3)

where C (x) is the gamma function, the contact coef� cients Kc and
p are de� ned by Hertzian theory of the form F(t) = Kc[d (t )]p , and
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Fig. 1 Description of the problem, layered beam geometry, and coor-
dinator system.

d m is the maximum contact deformation.For a striker of small mass
(m1e > 10m2, ), d m can be estimated by

d m =
m1em2

m1e + m2

1/ ( p + 1)
p + 1

2

1/ ( p + 1)
V 2

K2

1/ ( p + 1)

(4)

where m1e is the effective target mass determined from

m1e = q h
A p

W 2(x , y) dAp

in which dA p is the differential surface area of the target structure,
Ap is the total area, W (x , y) is a function of position that de� nes
the shape of the natural mode of the target structure vibration, and
m2 is the impact mass of the striker. Note that the geometry of the
target structure in the S–M–D model is not restricted; it can be shell
or plate.

The contact force is expressed in the form

F(t ) = K2[w2(t) ¡ w (t)] (5)

Equations (2a) and (2b) are solved, and the solutions to w(t ) and
w2(t ) are substituted into Eq. (5) with the initial conditions

w = Çw = w2 = 0, Çw2 = V at t = 0 (6)

This yields an analytic function for the estimation of contact force
during impact:

F(t )

=
K2[a1(c1 ¡ 1) sin( x 1e t ) + a2(c2 ¡ 1) sin( x 2t )] 0 < t < T

0 t > T

(7)

where

x 2
1e,2 =

1

2

K1 + K2

m1e(1 ¡ g st)
+

K2

m2

¨
1

4

K1 + K2

m1e(1 ¡ g st)
¡

K2

m2

2

+
K 2

2

m1em2(1 ¡ g st)

c1 =
K2

K2 ¡ x 2
11m2

, c2 =
K2

K2 ¡ x 2
2m2

a1 =
V

x 11(c2 ¡ c1)
, a2 =

V

x 2(c1 ¡ c2)
(8)

The present force function is implemented in the commercial
software LS-DYNA3D.12 The impact force was � rst predicted by
a FORTRAN program based on the force function (1), the output
of which is formatted in key words readable by LS-DYNA3D. The

a) S–M model b) S–M–D model

Fig. 2 Models.

force function is expressed in terms of the material properties, stiff-
ness and mass of both the striker and the target structure, and the
initial velocityof the striker, as well as the structuraldamping.Thus,
it is appropriate for the description of the layered panel impacted
by a solid striker at a low velocity and for the determination of the
contact force between the striker and the layered panel. In this way,
the commercial software is employedonly for modeling the layered
panel (without the striker), whereas the presented force function is
implemented to handle the contact force between the striker and the
layeredpanel.Therefore, the problemof impact on the layered com-
posite structure is simpli� ed to solve a standard structural response
equation of motion for a known impact (dynamic) loading:

[Ms]{ ¨v } + [Cs]{ Çv } + [Ks]{v } = { f } (9)

where {v } is the element displacementvector; [Ms], [Cs], and [Ks]
are the structural mass, damping, and stiffness matrices; { f } is the
dynamic loading vector that can be determined from Eq. (7); and a
dotdenotesa temporalderivative.Equation (9) can be readilysolved
with any numerical integration procedure. This provides a connec-
tion between the Hertz contact force law for layered structureswith
a well-established � nite element software, and, thus, more realistic
and complex structure subjected to impact can be simulated easily
without the restriction to the boundary conditions.

III. Effective Structural Damping and Stiffness
The effective structural loss factor g st is derived using the com-

plex stiffness method that was proposed by Oberst13; the effective
Young’s modulus Est is derivedusing the minimum potentialenergy
principle.

A. Effective Structural Loss Factor for the Two-Layer
Composite Beam

The energydissipatingeffectsof the materialdampingare consid-
ered, and, thus, Young’s moduli for the basic layer and the damping
layer are complex quantities that are denoted by a superscriptaster-
isk. The strain of the beam is

e =
z dh

dx
=

z

j x 11

@

@x
@h

@t
(10)

The axis stress of the beam is expressed as

r i = E ¤
i e =

E ¤
i

j x 11
z

@

@x

@h

@t
(i = 1, 2) (11)

For pure bending of the beam,

h2 + d

¡ (h1 ¡ d )

r i dz =
1

j x 11

@w

@x

h2 + d

¡ (h1 ¡ d )

E ¤
i z dz = 0 (12)

Note that (1/ j x 11)(@/ @x)(@h / @t ) 6= 0. From the equation
d

¡ (h1 ¡ d )

E ¤
1 z dz +

h2 + d

d

E ¤
2 z dz =

1

2
E ¤

2 h2
2 + E ¤

2 h2 d

¡
1

2
E ¤

1 h2
1 + E ¤

1 h1 d = 0 (13)

the neutral axis position can be obtained:

d =
1

2

E ¤
1 h2

1 ¡ E ¤
2 h2

2

E ¤
1 h1 + E ¤

2 h2

(14)
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Because the loss factor in the basic elastic layer is much lower than
that in the damping layer, that is, g 1 ¿ g 2, the effect of g 1 can be
ignored, and, thus, Eq. (14) becomes

d =
1

2

h1 ¡ h2 k ¤
e k h

1 + k ¤
e k h

(15)

where

k ¤
e = E ¤

2 E1 = (E2 / E1)(1 + j g 2) = k e(1 + j g 2) (16)

and k h = h2 / h1 and k e = E2 / E1.
The complex bending stiffness can be calculated by

B ¤ =
d

¡ (h1 ¡ d )

E1z2 dz +
h2 + d

d

E ¤
2 z2 dz

= B1

1 + 2 k ¤
e 2k h + 3k 2

h + 2 k 3
h + k ¤ 2

e k 4
h

1 + k ¤
e k h

(17)

where B1 = E1 I1 . The effectiveloss factor and the complex bending
stiffness is related by

B ¤ = Bst(1 + j g st) (18)

Substituting Eq. (16), in conjunction with Eq. (18), into Eq. (17)
yields

Bst(1 + j g st)
B1

=
1 + 2 k e(1 + j g 2) 2 k h + 3k 2

h + 2 k 3
h + k 2

e (1 + j g 2)2 k 4
h

1 + k e k h (1 + j g 2)
(19)

Taking both sides of Eq. (19) to be equal in imaginary component
yields

g st

g 2
=

k e k h

(1 + k e k h )
£

3 + 6 k h + 4k 2
h + 2 k e k

3
h + k 2

e k
4
h

1 + 2k e 2 k h + 3 k 2
h + 2 k 3

h + k 2
e k

4
h

(20)

Equation (20) shows that the effective structural loss factor g st can
be obtained from the loss factor of the damping layer if Young’s
modulus ratio and the thickness ratio of the damping and the basic
layers are known.

B. Effective Young’s Modulus for the Two-Layer Composite Beam
Consider the differential elements of the two-layer beam sub-

jected to constant unidirectional strain e x = e ; the potential energy
per unit is

U = 1
2
Est e

2 (21)

Assume

e y = e z = m st e (22)

The relation of strain and stress is expressed by

r x = [k (1 + 2 m st) + 2G]e (23)

r y = r z = [ k (1 + 2 m st) + 2G m st]e (24)

where

k =
Est m st

(1 + m st)(1 ¡ 2m st)
, G =

Est

2(1 + m st)

Let m 1 and m 2 denote Poisson’s ratios of the damping layer and the
basic elastic layer, respectively.For the possibledisplacementstate,
the strain energy density is

U (s) =
1

2
( r 1x e x + r 1y e 2 + r 1z e 3)

h1

h
+

1

2
( r 2x e x + r 2y e 2

+ r 2z e 3)
h2

h

1

2
e 2 1 ¡ m 1 + 4 m 1 m st + 2m 2

st

1 ¡ m 1 ¡ 2 m 2
1

E1
h1

h

+
1 ¡ m 2 + 4m 2 m st + 2 m 2

st

1 ¡ m 2 ¡ 2 m 2
2

E2
h2

h
(25)

From @U (s) / @m st =0 and @2U (s ) / @m 2 > 0, the coef� cient m st can be
selected by

m st =
1 ¡ m 1 ¡ 2 m 2

1 m 2 k e k h + 1 ¡ m 2 ¡ 2m 2
2 m 1

1 ¡ m 1 ¡ 2 m 2
1 k e k h + 1 ¡ m 2 ¡ 2m 2

2

(26)

FromtheminimumpotentialenergyprincipleU (s) ¸ U , the effective
Young’s modulus can be obtained:

Est =
1 ¡ m 1 + 4 m 1 m st + 2 m 2

st

1 ¡ m 1 ¡ 2 m 2
1

+
1 ¡ m 2 + 4m 2 m st + 2 m 2

2

1 ¡ m 2 ¡ 2 m 2
2

k e k h E1
h1

h
(27)

For the case of m 1 = m 2 = m st, Eq. (19) can be simpli� ed as

Est = (1 + k e k h )E1(h1 / h) (28)

Equations(20) and (27) can be used to determine the effectivestruc-
tural damping and stiffness of the layered beam, the outcome of
which can then be incorporated into the structural damping and
stiffness matrices in Eq. (9). This facilitates a study of structural
damping and stiffness effects on transient response of the layered
beam subjected to impact.

IV. Correlation Studies
The validity of the present approach is established by comparing

its predictions with published results that were validated by impact
experiments. First, the contact force was measured and calculated
for the case that a 0.075-kg impact mass at a velocity of 1 m/s
strikes a [08] glass/epoxy cylindrical shell. The shell has a mean
radius of 0.108 m, a length of 0.28 m, and a thickness of 2.3 mm,
and the material properties are E11 =14.51 GPa, E22 = 5.36 GPa,
G12 = 2.51 GPa, m 12 = 0.231, and q =1901.5 kg/m3. These geom-
etry and material data are taken from Ref. 8, in which the measure-
ment of the contact force was presented in detail.

Figure 3 shows the contact forces obtained from the impact
experiment,8 the previous force function (S–M model),8 and the
present force function (S–M–D model), respectively. It is observed
that the force– time curves obtained from present and previous im-
pact force function are almost the same, with the present peak force
being slightly less than that calculated by the previous one. This
illustrates that the structural damping has only a slightly effect on
contact force, which makes the present contact force slightly closer
to the experiment contact force. A comparison between the present

Fig. 3 Contact force vs time for a [08] glass/epoxy cylindrical shell
impacted by a 0.075 mass at a velocity of 1 m/s.
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Fig.4 Center displacementvs time for aT300/934graphite/epoxyplate
impacted by a 12.7-mm-diam steel ball at 3 m/s velocity.

values and the experiment results show that the present contact du-
ration and peak force differ from the measured values by at most
5%. Also the present force– time curve matches the measured one
reasonably well.

The other case is a 200 £ 200 mm T300/934 graphite/epoxyplate
in a [90/0/90/0/ 90]s con� guration. The plate is simply supported
and impacted by a 12.7-mm-diam steel ball at a velocity of 3 m/s.
This case is calculated because results for this particular con� gu-
ration have been veri� ed experimentally by Sun and Chen14 with
good correlation. The constitutive properties utilized for the ba-
sic T300/ 934 ply are E11 = 141.2 GPa, E22 = 9.72 GPa, m 12 = 0.3,
m 23 =0.3, G12 = 5.53 GPa, and G23 = 3.74 GPa, with a mass density
of 1536 kg/m3 and a per ply thickness of 0.269 mm.

Figure 4 shows displacement vs time of impact for the simply
supported[0/ 90/ 0/ 90/ 0]s T300/934 graphite/epoxyplate.Sun and
Chen14 and Wu15 used � nite element methods to obtain their solu-
tions whereas Cairns and Lagace16 used a Rayleigh–Ritz energy
method in their study. The results obtained by the present approach
are comparedwith Refs. 14–16. It is observed that the displacement
curve of the S–M model exhibits a higher value for the � rst peak,
and then reaches its second peak value earlier than results reported
by the other authors. This may be expected because a linearization
of the Hertziancontact force-deformationrelationshipwas assumed
in the S–M model, which causes a slightly higher prediction of the
impact force during the contact duration6 and, thus, effects the re-
sults of the S–M model.

The comparisonof the curvesbetween the S–M–D model and the
S–M model shows that the � rst peakof the present S–M–D model is
reduced by 6%, and also a slower rising time for the second peak of
the present S–M–D model is observed. This is due to the damping
effectsthat are includedin theS–M–D model so that an improvement
on the predictionof the contact force and the resultingdisplacement
is obtained. Figure 4 also indicates that the present S–M–D model
give a more reasonablematch with those publishedby Refs. 14–16.

V. Effects of Structural Damping and Stiffness
Effects of structural damping and stiffness on the transient re-

sponse of a layered beam to impact were investigated.The layered
beam has a length of 1 m, a width of 0.1 m, and a total thickness of
0.04 m. The material propertiesof the basic layer are E1 =210 GPa,
m 1 =0.3, and q 1 =7850 kg/m3 . Poisson’s ratio and the density the
damping layer is assumed to be 0.4 and 980 kg/m3 whereas the
Young’s modulus of the damping layer varies with the modulus
ratio k e = E2 / E1. In this study, the thickness of the beam is kept
constant while the thickness of the damping layer and the basic
elastic layer vary with the thickness ratio k h = h2 / h1. The effective
Young’s modulusand Poisson’s ratio for the layeredbeamare calcu-

Fig. 5 Variations of loss factor ratio ´st/´1 with thickness ratio ¸h =
h2/h1.

Fig. 6 Central displacement vs time for different thickness ratios.

lated using Eqs. (26) and (27). The effective density for the layered
beam is evaluated by q st = (1 + k q k h )(h1 / h) q 1 and k q = q 2 / q 1 .

Figure 5 shows the variations of the loss factor ratio g st / g 2 with
the thickness ratio k h . The loss factor ratio is proportional to the
thickness ratio k h and the modulus ratio k e for small thickness ratio,
whereas it approaches unity for a very large thickness ratio. This
corresponds to Eq. (20) in which the loss factor ratio approaches
3 k e k h as k h tends to zero, whereas the loss factor ratio approaches
unity as k h tends to be in� nite. Inspection of Fig. 5 shows that for
a smaller modulus ratio, increasing the thickness of damping layer
has no effect on the shock attenuation of the layered beam. For
example, when k e = E2 / E1 ·1. 0e ¡ 5, even though the thickness
of the damping layer is increased to three times of the thickness
of the basic elastic layer, that is, k h =3, the effective loss factor for
the layered beam k st is only 1000th as much as the loss factor of
the damping layer k 2. It follows that only for the larger modulus
ratio k e the loss factor ratio increases with the thickness ratio. In
otherwords, only for a larger modulus ratio can the damping effects
be enhanced by increasing the thickness of the damping layer. To
affect the shock attenuation, the optimal damping material should
have lightweight, high modulus and high loss factor.

Figure 6 shows central displacement– time histories for different
thickness ratios. In this study, the modulus ratio is assumed to be
k e = E2 / E1 = 1.0e ¡ 1. It is observed that for a small thickness ratio
( k h ·0.5), the displacement decreases slightly with the thickness
ratio, with only 2% difference in their peak displacement values at
most. As the thickness ratio increases from k h =0.5, the displace-
ment begins to reduce rapidly with the thickness ratio. The peak
displacementvalue for k h = 2 is reduced by 20%, and the peak dis-
placement value for k h =5 is further reduced by 85%. This result
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shows that, for k e =1.0e ¡ 1, the structural damping of the layered
beam becomes effective as k h becomes larger than 0.5.

Figure 7 shows central displacement– time histories for different
modulus ratios. In this study, the thickness ratio is assumed to be
k h =1.0. It is observed that the peak value and duration of the cen-
tral displacement decrease with the modulus ratio increasing. This
is expected because the effective modulus of the layered beam in-
creases as the modulus ratio increases, which in turn increases the
value of the fundamental frequency of the beam and, thus, reduces
the peak value and durationof the central displacement.The results
in Figs. 6 and 7 illustrate both thickness and modulus ratios have
signi� cant effects on the impact response.

Fig. 7 Central displacement vs time for different modulus ratios.

Fig. 8 Fringe levels for the transverse displacement of the layered beam for different thickness ratios at t = 2:866 ms.

Figure 8 shows fringe levels for the transverse displacement of
the layered beam for different thickness ratios, at the instant of
t = 2.866 ms, when the central displacements reach their peak val-
ues. It is observedthat the � exuralwave moves toward thebeamends
slower for the larger thickness ratio, which corresponds to a higher
effective damping factor. As we know, the frequency decreases as
the effective structural loss factor increases and, therefore, it de-
creases as the thickness ratio increases. (Note that both the phase
and group speed for the � exuralwave in the layeredbeam is propor-
tional to the square root of the frequency and to the fourth root of
Est / q st.) This is one reason the speeds of the � exural wave reduce
as the thickness ratio increases.

On the other hand, the fourth root of Est / q st can be expressed as

Est

q st

1
4

=
E1

q 1

1
4 (1 + k e k h)

(1 + k q k h )

1
4

(29)

In this study, k e =3.0e ¡ 3 and k q = 1.26e ¡ 1. As k h approaches
zero, (Est / q st) ¼ (E1 / q 1), the effects of the density ratio can be
ignored. For k h > 1, the fourth root of Est / q st may decreases with
the thickness ratio k h because the density ratio is much larger than
Young’s modulus ratio. This explainswhy the speeds of the � exural
wave reduce more for a larger value of the thickness ratio. This also
indicates that the structural damping has a signi� cant effect on the
� exural wave propagation.

The variationof the relativeeffectivemodulus Est / E2 for the two-
layer composite beam with the material and geometry parameters
k h and k e is plotted in Fig. 9. In this study, the modulus ratio ranges
from 1.0e ¡ 5 to 1.0e ¡ 1. For a smaller thickness ratio, k h ·1.0, the
relative effective modulus decrease slowly as the thickness ratio in-
creases; however, for a large thickness ratio, k h ¸ 10, the relative
effective modulus decreases much more rapidly for the large mod-
ulus ratio. At thickness ratio k h =10, the relative effective modulus
for k e = 1.0e ¡ 1 is about twice as much as that for k e =1.0e ¡ 5.
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Fig. 9 Variation of relative effective modulus Est/E2 with thickness
ratio ¸h = h2 /h1 .

Furthermore, at the thickness ratio k h =100, the relative effective
modulus for k e =1.0e ¡ 1 is about 11 times as much as that for
k e =1.0e ¡ 5. This result suggests that the smaller thickness ratio
should be used in the structural design of the two-layer composite
beam, and, thus, the stiffness of the composite beam may be close
to that of the basic elastic layer.

VI. Conclusions
An FEA was proposedfor predictionof transient responseof lay-

ered structures subjected to low-velocity impact. In the present ap-
proach,the improvedimpact forcefunctionis linked to a commercial
code in which the effects of effective structural damping and stiff-
ness are incorporated.The present approachfacilitates investigation
of the effects of structural damping and stiffness on the transient re-
sponse of layered structures subjected to low-velocity impact. The
results show that both thickness and modulus ratios have signi� -
cant effects on the impact response. The results also show that the
structuraldampinggreatly in� uences the � exuralwave propagation.
In addition, the results suggest that to affect the shock attenuation,
the optimal damping material should have a light weight, a high
modulus, and a high loss factor.
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